
Tutorial 7

Q .1

A torus of revolution T is formed by revolving the
circle { Exit) : lx- R)

'

-12-2=72} by an angle 2k about
the z-axis , where R > r> 0 .

(a) Give a regular parametrization 4 :(0,2*5→ T of
the torus of revolution . Check that the parametrization
is indeed regular .

(b) Compute the outward unit normal of T at each point

IX. y it) ET .

(c) Find the surface area of T .



Solution :
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B =/ rasp -112,0 , rsino )
i. The radius of the locus of B during revolution
is Nos ftp.

i. IX. y.tl =/ ✗ cos0/+12) cosoifrcoso -112)Sino , rsino ) .

4 :( 0.2-a12 → T defined by
410,011=(4650/+12) cosoilrcosotksino , rsino ) .

is d- and bijective



Check regularity :

40=1 - Hoos 0/+14 sinolrcoso -112) cos0,0)

Up =/ - rsinocoso , - rsinosino , rcosol)

i i i

40×401 = - Hoos 0/+14 Sino trios 01+12) coso 0

- rsinocoso-rsinfs.no rcoscf

= rlrioso -112) / cost cosy , Sino cost , Sino)

140×44 / = r( roost -112) > 0 tlo , f) c- 10.2-a12 .
÷

i. 4 is a regular parametrization of Ti

(b) no = 40×44 =/ cosocosif , sinocoso /Sino)
140×4011

if lx.y.z-j-ffrcoso-Rcosofrcoso-Rsino.rs.no )
(c) Surface area = fy Ids =) f)

"

rlrcosoltlzdodo

= 4TirR



QQ 1Stereographic projection)
Consider the sphene ⇐ { IX.yiz) : X'+ y

' -12-4
For any IX.g.⇒ c- 5) { 10.0.1) } , let lu.no) be the point of
intersection between the plane 7=0 & the straight line

joining IX. y , Z) & 10 , 0,1) (the
"

north pole
"

) .

u4v2_1
(a) Show that fx , y , ⇒ =/
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The map It : R
'
→ s
'

tu ,v)1→ /
ZU ZU u↳v41

UHv41
'
UHv41

'

u4-V41
)

is called the stereographic projection of the sphere $?

(b) Calculate the flux of the vector field

T-lxiy.it/-- IX. 0,0)
over the unit sphere by parametric- ing 8 using
G) the spherical coordinates ;
Iii) the stereographic projection .
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Equation of the straight line :

rlt) = 10,0 , 1) + t( ails 0 ) - 1010,1))

=/ tu.tv , 1-t )
Find the intersection :

Itu)
-

+ It v5 -14--42--1

1h4v2 -11) -12 - 2T = 0

I =
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u
-
+v2 -11

u↳v41
in IX. y , E) =/
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UHv41
'
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'
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(b) Ii ) The spherical coordinates :

(un) = lsinucosv , sinusinv , cosu) , (un) c- (OM) ✗ (0/27) .

In =/ cos ucosv , cos nsinv , -5mn)
☒ v = f-sinusinv , Sinn cosv, 0)

i j IIn ✗ u-cosucosvcosnsinv-5.nu
-Sinn 5mV Sin ucosv 0

=
Sinn / sin ucosv , sin usinv , cosu)

F / lur)) • (Iuux u) = (sinucosv) Isin -ucosv) = sin3ucosV

in Flux =) ? / I
"

sinsucosdvdvdu

= sinsudn) /f? cos
>vdv)

4)I'll - cos - a) dlwsu)) ( If + coszv)) du

=/-Tosu - coif ];) / { 12TH)
= § -1L

Remark : Technically , we are finding the flux of F across

Im-4 = 5141×10,0) : ✗ 70} U {1010,2-12-70}) by the def. in lecture
note .



Iii)¥u= /
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¢441,41 -81nF-1h
>
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(Note that it is an inward pointing normal . )
- Fttluiv)) • fttnxttv)
=
16µV't u4tu2 )

(u4V't 1) 5



in Flux =) 16µV' tu" -1W ) DA
R
'

tu't v't 1)
5

UZV
'

-1 u4 -1 U2
:= 16 dim

R→• /BRIO) ( u2+ ✓
'

+ 1)
5

DA

= If I;m JR /
""
r
"
cos'o Sino 1- rtcos40-rdcos20.name

R→oo 0 0 (r >+ 1) 5

R→• /
R Hir}

=/bit dim
0 441,5

dr

=/ bit dim
R v3

R→oo /
, ✗4114

dr

=/bad ;m far
"" "" +0m¥

. secyodcf (r=tano )
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o
Sec 8/0

= 167 1¥ sin> ifcoiodo

=/ bit (E)
= §ñ

Remark : Technically , we are finding the flux of F across

Im -1-1--521410>0,17} by the def in lecture note .



Remark:

To get rid of The measure zero sets

{ IX. 0,0) : ✗ 70} U {1010,2-12-70} or { 10.0.1)) in (b) G)Lii) , we need

to define what fgz Fondo means .
Note that ¥ C1 bijective map 4 : U→ 52 since otherwise

,

Sd is compact in IRS ⇒ U=Y
-' 154 is compact

-

in 1122 .

Therefore , there is no way we can define fgz F. ndr
in the manner like in the lecture note .

The way out
:

we can consider an open cover {Him . / Un} of 52

with partition of unity {Y , , . . . ,Xn } sit . 7- parametrization

Yi : Ñ; →Ui of Ui , i =/ n.in .

Then

Jg , FondN
= ,ÉfñkF°4 :/ • 12¥ ✗¥1) Yi • Yi DA

Yi

One example of such a construction is the stereographic

projection 171 : 112
-
→ 51410,0>1)) & the

"

inverted
"

stereographic

projection 1--1-2 : R'→ 51110.0 , -11}
.

/ with 41--42=1-2 )

II. e. the straight line in the construction of stereographic

projection start from the south pole instead )




